Vacua, walls and junctions in $G_{N_F,N_C}$ by Shin, Sunyoung
Vacua, walls and junctions in GNF ,NC
Sunyoung Shin ∗
Institute of Basic Science, Sungkyunkwan University,
Suwon 16419, Republic of Korea
Abstract
We discuss vacua, walls and three-pronged junctions of the mass-deformed nonlinear sigma
models on the Grassmann manifold GNF ,NC =
SU(NF )
SU(NC)×SU(NF−NC)×U(1) , which are non-
Abelian gauge theories for NC ≥ 2. Polyhedra are proposed in [1] to describe Bogomol’nyi-
Prasad-Sommerfield objects of the mass-deformed nonlinear sigma models on the complex
projective space, which are Abelian gauge theories. We show that we can produce similar
polyhedra for the mass-deformed nonlinear sigma models on the Grassmann manifold by ap-
plying the moduli matrix formalism [2] and the pictorial representation [3]. Non-Abelian
junctions can be analysed by making use of the polyhedra instead of the Plu¨cker embedding.
We present diagrams for vacua, walls and three-pronged junctions, and compute three-pronged
junction positions of the mass-deformed nonlinear sigma models on the Grassmann manifold.
We show that the results are consistent with the known results of [4], which are worked out
by using the Plu¨cker embedding.
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1 Introduction
The moduli matrix formalism is proposed to construct 1/2 Bogomol’nyi-Prasad-Sommerfield
(BPS) walls in non-Abelian gauge theories [2]. In the infinite coupling limit, the model becomes
a massive hyper-Ka¨hler nonlinear sigma model on the cotangent bundle over the Grassmann
manifold T ∗GNF ,NC , which is defined by GNF ,NC =
SU(NF )
SU(NC)×SU(NF−NC)×U(1) . It is shown that
the moduli space of vacua and walls is the Grassmann manifold. It is observed that walls in
non-Abelian gauge theory can pass through each other.
Kink solutions of the nonlinear sigma models on SO(2N)/U(N) and Sp(N)/U(N), which are
quadrics in the Grassmann manifold G2N,N are studied in [5, 3]. It is shown that the moduli
spaces of vacua and walls are SO(2N)/U(N) and Sp(N)/U(N) respectively. The moduli spaces
are described by pictorial representations in which the vacua and the elementary walls correspond
to vertices and line segments in the representation [3]. Penetrable walls appear as parallelograms
in the pictorial representation and produce a recurrence of a two dimensional diagram for each
N mod 4 at the vacua that are connected to the maximum number of elementary walls. The
structures are proved by induction.
The 1/4 BPS states [6, 7] and domain wall webs, which contain two or more wall junctions are
obtained in Abelian gauge theories and non-Abelian gauge theories by the moduli matrix formal-
ism [1, 4]. Three-pronged junctions of the mass-deformed nonlinear sigma models on CPNF−1,
which are Abelian gauge theories are studied in [1]. Three-pronged junctions of the mass-deformed
nonlinear sigma models on GNF ,NC , which are non-Abelian gauge theories for NC ≥ 2, are studied
in [4]. A three-pronged junction is formed by three vacua and three non-penetrable walls inter-
polating the vacua. To obtain the junction solutions in the Grassmann manifold with NC ≥ 2,
which is non-Abelian gauge theory, there are two nontrivial technical complications. We should
be able to identify adjacent vacua interpolated by non-penetrable walls and find the inverses of
NC ×NC matrices S from non-diagonal matrices SS†, which are introduced in the moduli matrix
formalism. In [4], the Grassmann manifold GNF ,NC is embedded into the complex projective space
CPNF CNC−1 by the Plu¨cker embedding resolving the complications. However this method cannot
be directly applied to junctions of the mass-deformed nonlinear sigma models on SO(2N)/U(N)
and Sp(N)/U(N), which are realized as quadrics in the Grassmann manifold.
Therefore it is still useful to examine wall junctions of the mass-deformed nonlinear sigma
models on the Grassmann manifold with NC ×NF moduli matrices since the vacua and the walls
are studied with NC × NF moduli matrices in the Grassmann manifold [2] and with N × 2N
moduli matrices in SO(2N)/U(N) and Sp(N)/U(N) [3].
The purpose of this work is to propose an alternative method of constructing three-pronged
junctions of the mass-deformed nonlinear sigma models on the Grassmann manifold instead of
using the Plu¨cker embedding. We apply the pictorial representation, which is proposed in [3]
to vacua and walls of the mass-deformed nonlinear sigma models on the Grassmann manifold,
which have been studied in [2]. We show that we can produce polyhedra, which are similar to
the polyhedra [1] that are introduced to study BPS objects of the mass-deformed nonlinear sigma
models on the complex projective space, by reformulating diagrams for vacua and elementary walls
in the pictorial representation. Vertices, edges and triangular faces of the polyhedra correspond
to vacua, walls and three-pronged junctions. We identify adjacent vacua that are interpolated
by walls from the diagrams and construct three-pronged junctions by building polyhedra. The
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junction positions can be calculated from the neighbouring walls. We present some results derived
from the polyhedra and show that the results are consistent with the results of [4], which are
obtained by using the Plu¨cker embedding.
In Section 2, we review the model and the moduli matrix formalism, which are studied in [1, 4].
In Section 3, we present the pictorial representations of vacua and elementary walls of the mass-
deformed nonlinear sigma models onGNF ,NC with (NF , NC) = (4, 2), (5, 2), (5, 3), (6, 2), (6, 3), (6, 4).
In Section 4, we study the pictorial representations for single three-pronged junctions of the mass-
deformed nonlinear sigma models on GNF ,NC . We present diagrams for three-pronged junctions
in G5,2 as an example by reformulating the diagram for vacua and elementary walls. In Section
5, we summarize our results.
2 BPS states
In this section, we review the model and the moduli matrix formalism, which are discussed in
[1, 4]. The model is 3+1 dimensional N = 2 supersymmetric U(NC) gauge theory with NF (> NC)
massive hypermultiplets. Wµ, (µ = 0, 1, 2, 3) are NC × NC gauge field matrices, Σα, (α = 1, 2)
are NC × NC real matrices, and Mα, (α = 1, 2) are traceless diagonal mass matrices, which
are parameterized as M1 = diag(m1,m2, · · · ,mNF ) and M2 = diag(n1, n2, · · · , nNF ). The Fayet-
Iliopoulos (FI) parameters are ca = (0, 0, c > 0). We set c = 1 in this paper. In the infinite coupling
limit, the mass-deformed gauge theory reduces to the mass-deformed hyper-Ka¨hler nonlinear
sigma model on the cotangent bundle over the Grassmann manifold T ∗GNF ,NC . With the FI
parametrization, the fields in the hypermultiplet, which parametrize the cotangent space vanish
for the BPS equations.
The 1/4 BPS equations [1] are derived by Bogomol’nyi completion of the energy density. The
static configurations are constructed by setting ∂0 = ∂3 = 0. We also set W0 = W3 = 0. The BPS
equations for domain wall webs on the Grassmann manifold GNF ,NC [1] are obtained as
Dαφ = φMα − Σαφ, (α = 1, 2), (2.1)
where φ is an NC ×NF matrix and Dµφ = ∂µφ− iWµφ, (µ = 1, 2). The matrix φ is constrained
by
φφ† − cINC = 0, (c = 1). (2.2)
The 1/4 BPS system reduces to the 1/2 BPS system when the x2 dependence and the mass M2
are turned off.
All the solutions of the 1/4 BPS equations in GNF ,NC can be solved by S and H0. S are
invertible NC ×NC matrices and H0 are NC ×NF matrices. H0 is called a moduli matrix. The
solution to the BPS equation for domain wall webs [1] is
φ = S−1H0eM1x
1+M2x2 , (2.3)
where
Σα − iWα =: S−1∂αS, (α = 1, 2), (2.4)
2
and
SS† = H0e2(M1x
1+M2x2)H†0 . (2.5)
There is the worldvolume symmetry
H0 → H ′0 = V H0, S → S′ = V S, (2.6)
with V ∈ GL(NC ,C). Therefore the total moduli space is the Grassmann manifold
Mtot ' GNF ,NC = {H0|H0 ∼ V H0, V ∈ GL(NC ,C)}, (2.7)
which includes 1/4 BPS states, 1/2 BPS walls and discrete SUSY vacua:
Mtot ' GNF ,NC =Mwebs1/4
⋃
Mwalls1/2
⋃
Mvacua1/1 . (2.8)
In Abelian gauge theories, the scalar fields [1] are
φA ∼ H0Ae
mAx
1+nAx
2√∑NF
B=1 |H0B|2e2(mBx1+nBx2)
. (2.9)
The weight of the vacuum 〈A〉 is defined as(
H0e
M1x1+M2x2
)
A
= eaA+mAx
1+nAx
2
, (2.10)
where eaA is the real part of the coordinates in the moduli matrix. The position of the wall which
interpolates two vacua is determined by the condition of equal weights of the vacua. The position
of the wall which interpolates 〈A〉 and 〈B〉 is
(mA −mB)x1 + (nA − nB)x2 + aA − aB = 0. (2.11)
Abelian three-pronged junctions divide sets of three vacua with different labels in one color
component whereas non-Abelian three-pronged junctions divide sets of three vacua with different
labels in two color components. Abelian junctions exist both in Abelian gauge theories and non-
Abelian gauge theories while non-Abelian junctions exist only in non-Abelian gauge theories.
In [4], Abelian junctions and non-Abelian junctions of the Grassmann manifold are studied
by embedding GNF ,NC into the complex projective space CP
NF
CNC−1 by the Plu¨cker embedding.
Therefore the wall separating 〈· · ·A〉 and 〈· · ·B〉 is on
(mA −mB)x1 + (nA − nB)x2 + a〈···A〉 − a〈···B〉 = 0, (2.12)
where ea
〈···〉
are the real parts of the Plu¨cker coordinates.
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3 Vacua and elementary walls
In this section, we apply the pictorial representation, which is used in [3] to the vacua and the
walls of the mass-deformed nonlinear sigma models on the Grassmann manifold, which have
been discussed in [2]. Let 〈A〉 denote a vacuum and 〈A ← B〉 denote the elementary wall that
interpolates 〈A〉 and 〈B〉. The moduli matrix of elementary wall 〈A← B〉 in GNF ,NC is H0〈A←B〉 =
H0〈A〉eEi(r) where Ei(r) ≡ erEi and Ei is a simple root generator of SU(NF ) [2]. Elementary walls
can be identified with simple roots [8]. The simple root generators and the simple roots of SU(N)
[9] are
Ei = ei,i+1,
αi = eˆi − eˆi+1, (i = 1, · · · , N − 1). (3.1)
The matrix ei,j is an N ×N matrix of which the (i, j) component is one. The set of vectors {eˆi}
is the orthogonal unit vectors eˆi · eˆj = δij .
The diagram of vacua and elementary walls in G4,2 is depicted in Figure 1. The vertices and the
line segments correspond to the vacua and the elementary walls respectively. The parallelogram
in the diagram presents two sets of penetrable walls. A pair of facing sides of the parallelogram
are the same simple roots while a pair of adjacent sides of the parallelogram are orthogonal simple
roots.
12< <
14< <
13< < 24< <
23< < 34< <
2
3 1
2
Figure 1: Vacua and elementary walls in G4,2. The numbers indicate the subscripts of the simple
roots αi.
The diagrams of vacua and elementary walls in G5,2 and G5,3 are depicted in Figure 2. Two
diagrams are related by a pi rotation. This reflects the duality between GNF ,NC and GNF ,NF−NC .
The diagrams of vacua and elementary walls in G6,2, G6,4 and G6,3 are depicted in Figure 3. The
configuration in Figure 2(a) appears in Figure 3(a).
4 Three-pronged wall junctions
We study wall junctions in the moduli space GNF ,NC . The moduli matrices in GNF ,NC can be
parameterized by real parameters aij and bij as
(H0)ij := exp(aij + ibij),
(i = 1, · · · , NC ; j = 1, · · · , NF ). (4.1)
4
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Figure 2: Vacua and elementary walls in G5,N . (a)N = 2 (b)N = 3.
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Figure 3: Vacua and elementary walls in G6,N . (a)N = 2 (b)N = 4 (c) N = 3.
We discuss three-pronged junctions in the moduli space G5,2. The moduli matrices in G5,2 can be
parameterized as (
H
G5,2
0
)
ij
:= exp(aij + ibij), (i = 1, 2; j = 1, 2, · · · 5), (4.2)
with real parameters aij and bij .
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Polyhedra are proposed in [1] to study BPS objects of the mass-deformed nonlinear sigma
models on the complex projective space. Vertices, edges and triangular faces of the polyhedra
correspond to vacua, walls and three-pronged junctions. We build similar polyhedra from the
diagram in Figure 2(a). A single three-pronged junction is determined by three vacua which
correspond to three vertices of a triangle that the wall junction gets mapped onto. We choose two
sets of triangles from Figure 2(a) as shown in Figure 4 as an example. The diagram in Figure
4(a) is an octahedron which is composed of eight triangles and the diagram in Figure 4(b) is a
pyramid which is composed of four triangles. The vertices, the edges and the triangular faces of
the polyhedra correspond to vacua, walls and three-pronged junctions in G5,2.
12< <
24< <
13< <
14< <
23< <
34< <
45< <
24< <
25< <
34< <
35< <
(a) (b)
Figure 4: Polyhedra for G5,2
The moduli matrices for the configuration in Figure 4(a) are the limits of (4.2) as ai5 →
−∞, (i = 1, 2). There are eight triangles in Figure 4(a). {〈12〉, 〈13〉, 〈14〉}, {〈12〉, 〈23〉, 〈24〉},
{〈13〉, 〈23〉, 〈34〉}, and {〈14〉, 〈24〉, 〈34〉} are divided by Abelian junctions whereas {〈12〉, 〈14〉, 〈24〉},
{〈12〉, 〈13〉, 〈23〉}, {〈13〉, 〈34〉, 〈14〉}, and {〈23〉, 〈34〉, 〈24〉} are divided by non-Abelian junctions.
Parallelogram {〈13〉, 〈14〉, 〈24〉, 〈23〉} presents two sets of penetrable walls.
The moduli matrix of the Abelian junction that divides {〈12〉, 〈13〉, 〈14〉} is
H0〈121314〉 =
(
ea11+ib11 0 0 0 0
0 ea22+ib22 ea23+ib23 ea24+ib24 0
)
. (4.3)
This is the limit of (4.2) as a1i → −∞, (i = 2, · · · 5), and a2j → −∞, (j = 1, 5). The solution is
φ = S−1〈121314〉H0〈121314〉e
M1x1+M2x2 =
(
f1√
∆1
0 0 0 0
0 f2√
∆2
f3√
∆2
f4√
∆2
0
)
,
f1 := exp(m1x
1 + n1x
2 + a11 + ib11),
fn := exp(mnx
1 + nnx
2 + a2n + ib2n), (n = 2, 3, 4), (4.4)
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with
S〈121314〉S
†
〈121314〉 = H0〈121314〉e
2M1x1+2M2x2H†0〈121314〉 = diag(∆1,∆2),
∆1 := e
2m1x1+2n1x2+2a11 ,
∆2 :=
4∑
n=2
e2mnx
1+2nnx2+2a2n . (4.5)
The wall interpolating 〈1A〉 and 〈1B〉, (A,B = 2, 3, 4) is on
(mA −mB)x1 + (nA − nB)x2 + a2A − a2B = 0. (4.6)
Therefore the position of the junction that divides {〈12〉, 〈13〉, 〈14〉} is
(x1, x2) =
(
S1
S3
,
S2
S3
)
,
S1 := (−n3 + n4)a22 + (−n4 + n2)a23 + (−n2 + n3)a24,
S2 := (m3 −m4)a22 + (m4 −m2)a23 + (m2 −m3)a24,
S3 := (n3 − n4)m2 + (n4 − n2)m3 + (n2 − n3)m4. (4.7)
In the same manner, the moduli matrices of other Abelian junctions can be determined. The
wall interpolating 〈2A〉 and 〈2B〉, (A,B = 1, 3, 4) is on
(mA −mB)x1 + (nA − nB)x2 + a1A − a1B = 0, (4.8)
and the wall interpolating 〈3A〉 and 〈3B〉, (A,B = 1, 2, 4) is on
(mA −mB)x1 + (nA − nB)x2 + a1A − a1B = 0. (4.9)
Three vacua {〈12〉, 〈13〉, 〈23〉} are divided by a non-Abelian junction. SS† in (2.5) are diagonal
for Abelian junctions so we can calculate junction positions by comparing weights. However, SS†
are not diagonal for non-Abelian junctions in general. As three-pronged wall junctions are solitons
which divide three vacua interpolated by non-penetrable walls, junction positions can be calculated
by finding sets of three vacua, which correspond to the vertices of the triangles that junctions are
mapped onto.
We calculate the junction position from the neighbouring walls. The wall junction dividing
three vacua {〈12〉, 〈13〉, 〈23〉} should be on the intersection point of the following linear equations:
(m2 −m3)x1 + (n2 − n3)x2 + a22 − a23 = 0,
(m1 −m3)x1 + (n1 − n3)x2 + a11 − a13 = 0,
(m1 −m2)x1 + (n1 − n2)x2 + a11 − a12 = 0, (4.10)
which are the positions of the walls interpolating {〈12〉, 〈13〉}, {〈12〉, 〈23〉} and {〈13〉, 〈23〉} respec-
tively. The condition for the existence of the solution is
a12 − a13 = a22 − a23. (4.11)
7
The non-Abelian junction position is
(x, y) =
(
V1
V3
,
V2
V3
)
,
V1 := (n2 − n3)a11 + (n3 − n1)a12 + (n1 − n2)a13,
V2 := (−m2 +m3)a11 + (−m3 +m1)a12 + (−m1 +m2)a13,
V3 := (−n2 + n3)m1 + (−n3 + n1)m2 + (−n1 + n2)m3. (4.12)
In [4], the wall webs in G4,2 are studied by embedding G4,2 to CP
5 by the Plu¨cker embedding
and the junction positions are obtained from the wall webs. Since sector {〈12〉, 〈13〉, 〈14〉} and
sector {〈12〉, 〈13〉, 〈23〉} of G5,2 reside in G4,2 as we can see in Figure 1 and Figure 2(a), we can
compare the junction positions (4.7) and (4.12) with the results1 of [4] with mass parameters
[mA, nA] = {[−
√
3,−1],[√3,−1], [0, 2], [0, 0]}. The junction position (4.7) of {〈12〉, 〈13〉, 〈14〉}
with these mass parameters is
(x1, x2) =
(−2a22 − a23 + 3a24
2
√
3
,
−a23 + a24
2
)
, (4.13)
and the junction position (4.12) of {〈12〉, 〈13〉, 〈23〉} is
(x1, x2) =
(
a11 − a12
2
√
3
,
a11 + a12 − 2a13
6
)
. (4.14)
The moduli parameters in the Grassmann manifold G4,2 are related to the moduli parameters in
the complex projective space CP 5 of [4] by
a22 − a23 = a〈12〉 − a〈13〉,
a23 − a24 = a〈13〉 − a〈14〉,
a11 − a13 = a〈12〉 − a〈23〉,
a11 − a12 = a〈13〉 − a〈23〉. (4.15)
The junction positions are the same as the junction positions obtained in [4].
In Figure 4(b), two triangles are divided by Abelian junctions and the other two triangles are
divided by non-Abelian junctions. Parallelogram {〈24〉, 〈25〉, 〈35〉, 〈34〉} is two sets of penetrable
walls. The same analysis can be done on the pyramid.
We have shown that the full configurations of vacua, walls and single three-pronged junctions
in GNF ,NC can be determined by building polyhedra. We can always identify the corresponding
NC ×NF moduli matrices defined on the Grassmann manifold.
1In [4], ea
〈···〉
are the real parts of the Plu¨cker coordinates. The position of the junction that di-
vides {〈12〉, 〈13〉, 〈14〉} is (x, y) =
(
−2a〈12〉−a〈13〉+3a〈14〉
2
√
3
,−a
〈13〉+a〈14〉
2
)
. The position of the junction that divides
{〈12〉, 〈13〉, 〈23〉} is (x, y) =
(
a〈13〉−a〈23〉
2
√
3
, 2a
〈12〉−a〈13〉−a〈23〉
6
)
.
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5 Summary
We have presented the diagrams for vacua and elementary walls of the mass-deformed nonlinear
sigma models on GNF ,NC with (NF , NC) = (4, 2),(5, 2),(5, 3),(6, 2),(6, 3),(6, 4) in the pictorial
representation, which is proposed in [3]. We have observed that the duality of the Grassmann
manifolds between NC and NF −NC is realized as a pi rotational symmetry in the representation.
In [1], polyhedra are proposed to study BPS objects of the mass-deformed nonlinear sigma
models on the complex projective space, which are Abelian gauge theories. Vertices, edges and
triangular faces of the polyhedra correspond to vacua, walls and three-pronged junctions. In this
work, we have shown that we can build similar polyhedra for the mass-deformed nonlinear sigma
models on the Grassmann manifold, which are non-Abelian gauge theories, by reformulating the
diagrams for vacua and elementary walls in the pictorial representation. We have analysed vacua,
walls and three-pronged junctions of the mass-deformed nonlinear sigma models on the Grassmann
manifold by using the polyhedra instead of the Plu¨cker embedding. We have calculated junction
positions of an Abelian junction and a non-Abelian junction in G5,2 and compared the results
with the results of [4], which are obtained by the Plu¨cker embedding. We have shown that this
method produces consistent results.
By construction, we can always identify the corresponding moduli matrices that are defined on
the Grassmann manifold. Therefore the polyhedron method can be applied to the mass-deformed
nonlinear sigma models on the quadrics of the Grassmann manifold such as SO(2N)/U(N) and
Sp(N)/U(N), which are non-Abelian gauge theories for N ≥ 4 and N ≥ 3 respectively.
It is observed in [3] that the configurations of vacua and elementary walls of the mass-deformed
nonlinear sigma models on SO(2N)/U(N) and Sp(N)/U(N) exhibit distinguishable features as
the lengths of the simple roots of SO(2N) are the same whereas the lengths of the simple roots
of USp(2N) are not all the same. These properties would contribute to three-pronged junctions
of the models since three-pronged junctions are formed by compressed walls as well as elementary
walls. We hope to report on the results elsewhere.
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